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Abstract

We present a novel algorithm called PG-means which is alkatm the number
of clusters in a classical Gaussian mixture model. Our neethoobust and effi-

cient; it uses statistical hypothesis tests on one-dinb@asprojections of the data
and model to determine if the examples are well representéldeomodel. In so

doing, we are applying a statistical test for the entire rhatlence, not just on a
per-cluster basis. We show that our method works well inalifficases such as
non-Gaussian data, overlapping clusters, eccentricezkishigh dimension, and
many true clusters. Further, our new method provides a much siable estimate
of the number of clusters than existing methods.

1 Introduction

The task of data clustering is important in many fields suchrtfcial intelligence, data mining,
data compression, computer vision, and others. Many diffieclustering algorithms have been de-
veloped. However, most of them require that the user knowntimber of clustersi) beforehand,
while an appropriate value féris not always clear. It is best to chodséased on prior knowledge
about the data, but this information is often not availabMthout prior knowledge it can be es-
pecially difficult to choosé when the data have high dimension, making exploratory dséysis
difficult.

In this paper, we present an algorithm called PG-means (B@lstfor projected Gaussian) which
is able to discover an appropriate number of Gaussian ctuatel their locations and orientations.
Our method is a wrapper around the standard and widely usesisiza mixture model. The paper’s
primary contribution is a novel method of determining if aokddmixture model fits its data well,
based on projections and statistical tests. We show thateheapproach works well not only in
simple cases in which the clusters are well separated, batimlthe situations where the clusters
are overlapped, eccentric, in high dimension, and evenGaumssian. We show that where some
other methods tend to severely overfit, our method does ndttteat our method is comparable to
but much faster than a recent variational Bayes-based agiprfor learning:.

2 Reated work

Several algorithms have been proposed to determmeomatically. Most of these algorithms wrap
around eithek-means or Expectation-Maximization for fixéd As they proceed, they use splitting
or merging rules to increase or decreaamtil a proper value is reached.

Pelleg and Moore [9] proposed the X-means algorithm, which regularization framework for
learningk with k-means. This algorithm tries many values foand obtains a model for each

value. Then X-means uses the Bayesian Information Critg83C) to score each model [5, 12],
and chooses the model with the highest BIC score. Besid&i@ether scoring criteria could also



be applied such as the Akaike Information Criterion [1], dnlvhum Description Length [10]. One
drawback of the X-means algorithm is that the cluster cavenés are all assumed to be spherical
and the same width. This can cause X-means to overfit whercdueters data that arise from
non-spherical clusters.

Hamerly and Elkan [4] proposed the G-means algorithm, a peapround thé&-means algorithm.
G-means uses projection and a statistical test for the hggat that the data in a cluster come from
a Gaussian distribution. The algorithm groistarting with a small number of centers. It applies
a statistical test to each cluster and those which are n@péed as Gaussians are split into two
clusters. Interleaved with-means, this procedure repeats until every cluster’s datacepted as
Gaussian. While this method does not assume spherical dusid works well if true clusters is
well-separated, it has difficulties when true clusters layesince the hard assignment/eimeans
can clip data into subsets that look non-Gaussian.

Sand and Moore [11] proposed an approach based on repaitittg in a Gaussian mixture model.
Their approach modifies the learned model at the regionsenther residual is large between the
model’s predicted density and the empirical density. Eaclifitation adds or removes a cluster
center. They use a hill-climbing algorithm to seek a modelcWwimaximizes a model fithess scor-
ing function. However, calculating the empirical densitb/dacomparing it to the model density is
difficult, especially in high dimension.

Tibshirani et al. [13] proposed the Gap statistic, which panes the likelihood of a learned model
with the distribution of the likelihood of models trained data drawn from a null distribution. Our
experience has shown that this method works well for findisgnall number of clusters, but has
difficulty as the truek increases.

Welling and Kurihara [15] proposed Bayesiaameans, which uses Maximization-Expectation
(ME) to learn a mixture model. ME maximizes over the hiddenaldes (assignment of examples
to clusters), and computes an expectation over model p&easr{eenter locations and covariances).
It is a special case of variational Bayesian methods. Bapésmeans works well but is slower than
our method.

None of these prior approaches perform well in all situatjadhey tend to overfit, underfit, or are
too computationally costly. These issues form the motivator our new approach.

3 Methodology

Our approach is called PG-means, where PG stands for pedj€&aussian and refers to the fact
that the method applies projections to the clustering madekell as the data, before performing
each hypothesis test for model fithess. PG-means uses tiaasiaGaussian mixture model with
Expectation-Maximization training, but any underlying@alithm for training a Gaussian mixture
might be used. Our algorithm starts with a simple model andemses: by one at each iteration
until it finds a model that fits the data well.

Each iteration of PG-means uses the EM algorithm to learndehtmntainingt centers. Each time
EM learning converges, PG-means projects both the datad¢iha learned model to one dimension,
and then applies the Kolmogorov-Smirnov (KS) test to deteemvhether the projected model fits
the projected data. PG-means repeats this projection ahdtép several times for a single learned
model. If any test rejects the null hypothesis that the daltavf's the model’s distribution, then it
adds one cluster and starts again with EM learning. If evesy accepts the null hypothesis for a
given model, then the algorithm terminates. Algorithm ladiéees the algorithm more formally.

When adding a new cluster PG-means preserves thasters it has learned and adds a new cluster.
This preservation helps EM converge more quickly on the nadeh To find the best new model,
PG-means runs EM 10 times each time it adds a cluster witHerelift initial location for the new
cluster. The mean of each new cluster is chosen from a sehdbraly chosen examples, and also
points with low model-assigned probability density. Thiéi&hcovariance of the new cluster is based
on the average of the existing clusters’ covariances, amahéfv cluster prior is assignddk and

all priors are re-normalized. More than 10 EM applicatioosld be used, as well as deterministic
annealing [14], to ensure finding the best new model. In cststeleterministic annealing did not
improve the results of PG-means. As stated earlier, angitigialgorithm (not just EM) may be



Algorithm 1 PG-means (datasét, confidencex, number of projectiong)

. Letk < 1. Initialize the cluster with the mean and covarianceXof
cfori=1...pdo
ProjectX and the model to one dimension with the same projection.
Use the KS test at significance leveto test if the projected model fits the projected dataset.
If the test rejects the null hypothesis, then break out of the loop.
end for
if any test rejected the null hypothetigen
fori=1...10do
Initialize k + 1 clusters as thé previously learned plus one new cluster.
Run EM on thé: + 1 clusters.
end for
12:  Retain the model df + 1 clusters with the best likelihood.
13: Letk — k+ 1, and go to step 2.
14: end if
15: Every test accepts the null hypothesis; stop and return the model.
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used to fit a particular set @ Gaussian models. For example, one might/useeans if more speed
is desired.

3.1 Projection of the model and the dataset

PG-means is novel because it applies projection to thedearrodel as well as to the dataset prior to
testing for model fithess. There are several reasons togbtmjeh the examples and the model. First,
a mixture of Gaussians remains a mixture of Gaussians ateg tinearly projected. Second, there
are many effective and efficient tests for model fithess indineension, but in higher dimensions

such testing is more difficult.

Assume some dat¥ is sampled from a single Gaussian cluster with distribufion- N (u, ¥) in

d dimensions. S@. = E[X] is thed x 1 mean vector an@ = CoV{X] is thed x d covariance
matrix. Given ad x 1 projection vectorP of unit length (|P|| = 1), we can projectX along P
asX’' = PTX. ThenX' ~ N(i/,0?), wherey’ = PTp ando? = PTYP. We can project each
cluster model to obtain a one-dimensional projection ofrair&mixture alongP. Then we wish to
test whether the projected model fits the projected data.

The G-means and X-means algorithms both perform statigdsts for each cluster individually.

This makes sense because each algorithm is a wrapper akemn@éns, and:-means uses hard

assignment (each example has membership in only one glustewever, this approach is prob-
lematic when clusters overlap, since the hard assignmsaltsen ‘clipped’ clusters, making them

appear very non-Gaussian. PG-means tests all clusterdl aladibaat once. Then if two true clusters
overlap, the additive probability of the learned Gaussrapsesenting those clusters will correctly
model the increased density in the overlapping region.

3.2 TheKolmogorov-Smirnov test and critical values

After projection, PG-means uses the univariate Kolmogé@mirnov [7] test for model fitness. The
KS test statistic i) = maxx |F(X) — S(X)| —the maximum absolute difference between the true
CDF F'(X) with the sample CDE5(X). The KS test is only applicable (X)) is fully specified;
however, PG-means estimates the model with EMF'6& ) cannot be specified a priori. The best
we can do is use the parameter estimates, but this will caaise accept the model too readily. In
other words, the probability of a Type | error will be too lomdaPG-means will tend to choose
models with too few clusters. Lilliefors [6] gave a table ofaler critical values for the KS test
which correct for estimated parameters of a single unitatizaussian. These values come from
Monte Carlo calculations. Along this vein, we create our dest critical values for a mixture of
univariate Gaussians.

To generate the critical values for the KS test statisticugethe projected one-dimensional model
that has been learned to generate many different datagetshan measure the KS test statistic
for each dataset. Then we find the KS test statistic that iémtrange we desire, which is the

critical value we want. Fortunately, this can be done effitieand does not dominate the running



time of our algorithm. It is much more efficient than if we wdregenerate datasets from the
full dimensional data and project these to obtain the siatistribution, yet they are equivalent
approaches. Further optimization is possible when wevolldliefors’ observation that the critical
value decreases as approximately, for sufficiently largen, which we have also observed in
our simulations with mixtures of Gaussians. Therefore, & ese Monte Carlo simulations with
n’ < n points, and scale the chosen critical value\py’/n. A more accurate scaling given by
Dallal and Wilkinson [2] did not offer additional benefit inuotests. We use at most = 3/«,
which is 3000 points forv = 0.001. The Monte Carlo simulations can be easily parallelized, an
our implementation uses two computational threads.

3.3 Number of projections

We wish to use a small but sufficient number of projectionstasts to discover when a model does
not fit data well. Each projection provides a different viefimmdel fitness along that projection’s

direction. However, a projection can cause the data fromadmwmore true clusters to be collapsed
together, so that the test cannot see that there should kepleawensities used to model them.

Therefore multiple projections are necessary to see theselrand data discrepancies.

We can choose the projections in several different ways.d&anprojection [3] provides a useful
framework, which is what we use in this paper. Other possiid¢hods include using the leading
directions from principal components analysis, which gigestable set of vectors which can be
re-used, or choosing — 1 vectors that span the same subspace spanned ycthster centers.

Consider two cluster centerg andpus in d dimensions and the vector which connects thems-
e — 1. We assume for simplicity that the two clusters have the sspherical covariance and are
c-separated, that i§ym|| > cy/trace>’). We follow Dasgupta’s conclusion thaiseparation is the
natural measure for Gaussians [3]. Now consider the pioject n along some randomly chosen
vectorP ~ N (0, 1/dI). We use this distribution because in high dimendiomill be approximately
unit-length. The probability thaP is a ‘good’ projection, i.e. that it maintainsseparation between
the cluster means when projected, is

dPTYP
T T _ P = —
Pr (|P m| > VP EP) >1— Erf <c 262”%6{2)) 1 Erf(«/1/2)

where Erf is the standard Gaussian error function. Here we hiaed the relatiolP” L P =
tracdY)/d whenX is spherical and|P|| = 1. If ¥ is not spherical, then this is true in an ex-
pected sense, i.e2[PTYP] = tracgY)/d when||P|| = 1. If we performp random projections,
we wish that the probability that ghl projections are ‘bad’ to be less than some

Pr(p bad projections= Erf (\/1/2)1) <e

Therefore we need approximately< log(e)/log(Erf(1/1/2)) ~ —2.61981log(e) projections to
find a projection that keeps the two cluster meassgparated. Far = 0.01, this is only 12 projec-
tions, and for = 0.001, this is only 18 projections.

3.4 Algorithm complexity

PG-means converges as fast as EM on any giyeand it repeats EM every time it adds a cluster.
Let K be the final learned number of clusters mmlata points. PG-means runs@ K?%nd?l +
Knlog(n)) time, wherel is the number of iterations required for EM convergence. #hg(n)
term comes from the sort required for each KS test, anditheomes from using full covariance
matrices. PG-means uses a fixed number of projections fdr emcel and each projection is
linear inn, d, andk; therefore the projections do not increase the algorittasignptotic run time.
Note also that EM starts with learned centers and one new randomly initialized centeEMo
convergence is much faster in practice than ifialt 1 clusters were randomly initialized. We must
also factor in the cost of the Monte Carlo simulations foredaiining the KS test critical value,
which areO(K d*nlog(n)/«) for each simulation. For fixed alpha, this does not increhseun-
time significantly, and in practice the simulations are aonjart of the running time.
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Figure 1: Each point represents the average number of cdus@rned for various types of syn-
thetic datasets. The true number of clusters is 20. The ben@ denote the standard errors for the
experiments (except for BKM, which was run once for eachskttype).
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Figure 2: Each point represents the average VI metric comgpére learned clustering to the correct
labels for various types of synthetic datasets. Lower \s&ahre better. For each algorithm except
BKM we provide standard error bars (BKM was run once for eaatasket type).

4 Experimental evaluation

We perform several experiments on synthetic and real-wdalsets to illustrate the utility of
PG-means and compare it with G-means, X-means, and Baykesisans (BKM). For synthetic
datasets, we experiment with Gaussian and non-Gaussian & usen = 0.001 for both PG-
means and G-means. For each model, PG-means uses 12 prgjeutd tests, corresponding to an
error rate o < 0.01 that it incorrectly accepts. All our experiments use MATLAB Linux 2.4 on

a dual-processor dual-hyperthreaded Intel Xeon 3.06 Girgpater with 2 gigabytes of memory.

Figure 1 shows the number of clusters found by running PGasiga-means, X-means and BKM
on many synthetic datasets. Each of these datasets hasdid@ipd = 2, 4, 8 and 16 dimensions.
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Figure 3: The leftmost dataset has 10 true clusters withifgignt overlap ¢ = 1). Though PG-
means finds only 4 clusters, the model is very reasonableh®©right are the results for PG-means,
G-means, and X-means on a dataset with 5 true eccentric amhpping clusters. PG-means finds
the correct model, while the others overfit with 15 and 19teliss

All of the data are drawn from a mixture of 20 true Gaussiartse @enters of the clusters in each
dataset are chosen randomly, and each cluster generattieenumber of points. Each Gaussian
mixture dataset is specified by the averaggeparation between each cluster center and its nearest
neighbor (either 2, 4 or 6) and each cluster’s eccentrieityér 1 or 4). The eccentricity of is defined

as Ecc= v/ Amaz/ Amin Whereh,,... and,,;,, are the maximum and minimum eigenvalues of the
cluster covariance. An eccentricity of 1 indicates a spariGaussian. We generate 10 datasets
of each type and run PG-means, G-means and X-means on edavgann BKM on only one of
them due to the running time of BKM. Each algorithm startshwaite center, and we do not place
an upper-bound on the number of clusters.

It is clear that PG-means performs better than G-means am#afis when the data are eccentric
(Ecc=4), especially when the clusters overlap= 2). In this situation G-means and X-means
tend to overestimate the number of clusters. The rightmiogs n Figure 3 further illustrate this
overfitting. PG-means is much more stable in its estimatdefriumber of clusters, unlike G-
means and X-means which can dramatically overfit dependingetype of data. BKM generally
does very well, but is less efficient than PG-means. For el@mop a set of 24 different datasets
each having 4000 points from 10 clusters, 2-16 dimensiodsvarying separations/eccentricities,
PG-means was three times faster than BKM.

Figure 1 only gives the information regarding the learneahber of clusters, which is not enough to
measure the true quality of learned models. In order to bettduate the approaches, we use Meila’s
VI (Variation of Information) metric [8] to compare the inded clustering to the true labels. The
VI metric is non-negative and lower values are better. leiwavhen the two compared clusterings
are identical (modulo clusters being relabeled). Figure@s the average VI metric obtained by
running PG-means, G-means, X-means, and BKM on the sambegiyntiatasets as in Figure 1.
PG-means does about as well as the other algorithms wheathaw spherical and well-separated
(see the top-right plot). However, the top-left plot shohettPG-means does not perform as well as
G-means, X-means and BKM for spherical and overlapping. deit@ reason is that two spherical
clusters overlap, they can look like a single eccentrictelu$Since PG-means can capture eccentric
clusters effectively, it will accept these two overlappetierical clusters as one cluster. But for the
same case, G-means and X-means will probably recognizedbéwo different clusters. Therefore,
although PG-means gives fewer clusters for spherical aadapping data, the models it learns are
reasonable. Figure 3 shows how 10 true overlapping clustasslook like far fewer clusters, and
that PG-means can find an appropriate model with only 4 dalsiste

High dimensional data of any finite-variance distributiooks more Gaussian when linearly pro-
jected to a randomly chosen lower-dimensional space. &rojeis a weighted sum of the original
dimensions, and the sum of many random variables with firdtéauce tends to be Gaussian, ac-
cording to the central limit theorem. Thus PG-means shoelddeful for high-dimensional data
which are not Gaussian. To test this, we perform experimemtsigh-dimensional non-Gaussian
synthetic datasets. These datasets are generated in arsimit of generating our synthetic Gaus-
sian datasets, except that each true cluster has a unifstribdtion. Each cluster is not necessarily
axis-aligned or square; it is scaled for eccentricity antdteal. Each dataset has 4000 points in 8
dimensions equally distributed among 20 clusters. Thergdciy andc-separation values for the
datasets are both 4. We run PG-means, G-means and X-meafsdiffelent datasets and BKM



Table 1: Results for synthetic non-Gaussian data and thdwrétten digits dataset. Each non-
Gaussian dataset contains 4000 points in 8 dimensions sedrfipin 20 true clusters each having
uniform distribution. The eccentricity andseparation are both 4. We run each algorithm except
BKM on ten such datasets, and BKM on one. The digits datasetists of 10 classes and 9298
examples.

Non-Gaussian datasets (20 true clustgrd)andwritten digits dataset (10 true classes)
Algorithm | Learnedk VI metric Learnedk | VI metric
PG-means| 20+ 0 0+0 14 2.045
G-means | 42.2+ 3.67 | 0.673+ 0.071 48 3.174
X-means | 27.7+ 1.28 | 0.355+ 0.059 29 2.921
BKM 20 0 15 1.980

on one of them. The results are shown in the left part of Tabl&dmeans and X-means overfit
the non-Gaussian datasets, while PG-means and BKM bothrpedxcellently in the number of
clusters learned and in learning the true labels accorditiget VI metric.

We tested all of these algorithms on the U.S. Postal Sendnévritten digits dataset (both the train
and test portions, obtained from http://www-stat.stashfedu/ tibs/ElemStatLearn/data.html). Each
example is a grayscale image of a handwritten digit. Theze9208 examples in the dataset, and
each example has 256 pixels (16 pixels on a side). The ddtasetO true classes (digits 0-9). Our
goal is to cluster the dataset without knowing the true kabeld analyze the result to find out how
well PG-means captures the true classes.

We use random linear projection to project the dataset toid@mkions and run PG-means, G-
means, X-means, and BKM on it. The results are shown in tH# sigle of Table 1. PG-means
gives 14 centers, which is closest to the true value. It algains nearly the best VI metric score.
On the other hand, G-means and X-means find many more cléssethe truth, which do not help

them score well on the VI metric, and BKM takes over twice aglas PG-means.

5 Conclusions and futurework

We presented a new algorithm called PG-means for learnmguiimber of Gaussian clustetsn
data. Starting with one center, it growgiradually. For eack, it learns a model using Expectation-
Maximization. Then it projects both the model and the ddtasene dimension and tests for model
fitness with the Kolmogorov-Smirnov test and its own critiealues. It performs multiple projec-
tions and tests per model, to avoid being fooled by a poombgeh projection. If the model does not
fit well, PG-means adds an additional cluster. This procedepeats until one model is accepted
by all tests. We proved that only a small number of these &ststare required to have good per-
formance at finding model differences. In the future we willéstigate methods of finding better
projections for our task. We also hope to develop approxonatto the critical values of the KS test
on Gaussian mixtures, to avoid the cost of Monte Carlo sitiaria.

PG-means finds better models than G-means and X-means whéméhclusters are eccentric or
overlap, especially in low-dimension. On high-dimensiateta PG-means also performs very well.
PG-means gives far more stable estimates of the number stiectuthan the other two methods
over many different types of data. Compared with Bayegtaneans, we showed that PG-means
performs comparably, though PG-means is several timesrfispur tests and uses less memory.

Though PG-means looks for general Gaussian clusters, weeshthat PG-means works well on
high-dimensional non-Gaussian data, due to the centréltti@orem and our use of projection. Our
techniques would also be applicable as a wrapper around-theans algorithm, which is really
just a mixture of spherical Gaussians, or any other mixt@ir@aussians with limited covariance.
On the real-world handwritten digits dataset PG-means finekry good clustering with nearly the
correct number of classes, and PG-means and BKM are equaflg t identifying the original
labels among the algorithms we tested.

We believe that the project-and-test procedure that PGimaaes is a useful method for deter-
mining fithess of a given mixture of Gaussians. However, theedying standard EM clustering
algorithm dominates the runtime and is difficult to initziwell, which are well-known problems.



The project-and-test framework of PG-means does not deperieM in any way, and could be
wrapped around any other better method of finding a Gaussiene.
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